The following issue is raised and discussed; when do families of foliations by hypersurfaces on a given four dimensional manifold without further structure, become the null surfaces of some unknown, but to be determined, metric g ab (x). Explicit conditions for these surfaces are found, so that they do define a unique conformal metric with the surfaces themselves being characteristics of that metric. By giving an additional function (to be the conformal factor) full knowledge of the metric is determined.
I. Introduction
As often been pointed out, the geometric character of general relativity (GR) makes it unique among physically relevant field theories. The fact, however, that the geometry is described by a field (the metric) and its derivatives (e.g., the Riemann tensor) has led many to believe that g ab (x) is just another local field, and GR just another local field theory where one could apply classical and quantum methods that are successful in Maxwell, Yang-Mills, etc. theories.
We feel that a clear distinction between GR and other theories can be made. Only in GR do null surfaces play a dynamical role in the theory. Null surfaces, which are important for any hyperbolic equation (since, for example, they determine the domain of dependence), become, in GR, a fundamental ingredient of the theory. They can only be determined when the metric is given -but the metric is not known until the field (differential) equations are solved. Thus, when solving the field equations of GR, one is, in some sense, simultaneously finding both the null surfaces of the theory and the space-time metric -though of course, one only "sees" the metric in the field equations. If one could consider null surfaces as the basic variable of the theory -with the metric a derived quantity -one would have, in principle, the clear distinction between GR and field theories since none of them can be formulated in such a manner.
It is the purpose of this note to explore the local kinematic equivalence between families of null surfaces and the (conformal) metric of the space-time. (This issue has arisen in the past, from a different (global) point of view. 1,2 ) The study of the dynamics 3,4 will be presented elsewhere, not only because it introduces complexities but also because we would like to focus and thoroughly analyze the conditions that must be imposed on families of surfaces so that they yield a unique (conformal) metric g ab (x).
To be more precise we will discuss the following issue: We begin with a four dimensional manifold, M, with no further structure and then raise the question of when can arbitrary families of 3-surfaces (local foliations) on M, be considered as collections (or families) of null surface foliations for some unknown, but to be determined, conformal metric. If there are N independent foliations of M by 3-surfaces, with each leaf of each foliation described by u A = constant = Z A (x a ), A = 1...N, with local coordinates x a , then the condition for nullity is that there exists a conformal metric g ab (x a ) such that the N equations
are satisfied for each A.
It is easily seen that for N ≤ 9 there is enough freedom in (1) to choose (or find) a conformal metric so that Z A (x) are all null surfaces with respect to that metric. If N = 9 then the conformal metric is algebraically determined by (1) assuming that the matrix F Aab has rank 9. If N > 9 then there must be conditions placed on the Z A (x a )ormorespecificallyon
We are actually interested in the slight generalization of this problem where the discrete ( 2 ) with each family selected by a point in D, i.e., by a value of (z,z*). The condition that the surfaces Z(z, z*, x a ) = constant are null for some metric is therefore
for all values of (z,z*). Our problem is to find what conditions are to be imposed on Z(z, z*, In the next section we will show that Eq.(3) determines two explicit differential conditions on Z and furthermore uniquely defines a conformal metric. The two conditions will be referred to as the metricity conditions.
The Conformal Metric and the Metricity Conditions
Our basic strategy will be to consider a large number (the number to be determined shortly) of parameter derivatives of the null condition, (3), and then, by the manipulation of these derivatives, obtain both the conformal metric and the metricity conditions.
Before doing so, we introduce our notation. There will be two types of differentiation;
one with respect to the space-time coordinates x a , denoted by # a , ∂ a or simply "comma a", the other is with respect to the parameters z and z*, denoted by ∂ and ∂*. From the assumed existence of u = Z(z, z*, x a ), three additional scalar functions of z, z*, x a , can be defined; namely w = ∂ Z, w* = ∂*Za n dR=∂∂*Z . We denote these four parametrized scalars by
Also of considerable importance are the two scalars, λ and λ* defined by
From the four scalars θ i , we have, what we will refer to as the,
and its dual vector basis θ i a ,sothat
We assume that the u = Z(z, z*, x a ) is sufficiently generic so that the θ i , a are independent.
The gradient of any scalar Φ can be decomposed into either the coordinate or gradient basis by
and in particular we have
We now notice that it is easier to search for the components of the conformal metric in the gradient basis rather than in the original coordinate basis --also it is preferable to use the contravariant components rather than the covariant components of the metric, i.e., we are interested in
or explicitly
If the g ij can be found then it is a trivial task to reconstruct the g ab by
Returning to the gradient basis, it is easy to see that they satisfy the following pair of relationships, which follow directly from applying the parameter derivatives to their definitions, θ i a =(Z a ,∂ Z a , ∂*Z a , ∂∂*Z a ), namely
and
Most of the T's are trivial, with
The T 1 i and T* 1 j are longer but are still explicit functions of λ j and λ* j ,
The T 1 j and T* 1 j can be obtained in the following manner: From
we have, using θ 1 a = ∂*∂Z a , 
or after integration
Using the definition, (5), of λ and λ* , we see that (16) is also an identity but now not quite as trivial as it is for the other terms. We will return to this issue later in a different context.
7
Our starting assumption was that, from Z, Eq.(3) was going to define a (conformal) metric, g ab (x a ) uniquely up to an overall scale factor which is a function only of x a . Note though, that g ij does depend on z and z* via the transformation to the gradient basis.
(Though we will not use it, there is a possible generalization, allowing the scale factor to depend on z and z*, as well as on x a .L ionelMason 5 , inrelated work, allows for this possibility.) From this we immediately have that
By applying ∂ and ∂* to Eq.(10) and using (13) and (17) we have the important set of relations ∂ g ij =g ik T j k +g jk T i k (18a) ∂*g ij =g ik T* j k +g jk T* i k .
Eqs. (18) say that the existence of the g ij (z, z*, x a ) is equivalent to the existence of the g ab (x a ) but expressed in the gradient basis. From (3) and (18) we will obtain the conformal metric and metricity conditions.
The first thing we point out is that the integrability conditions on the pair (18),
are satisfied when the integrability conditions (15) are satisfied. Also, since the g ij can be chosen arbitrarily at any point in the z, z* plane, the converse is true, i.e., (19) implies (15).
Since (15) is identically satisfied by virtue of the form of the T's, we can always find solutions to (18) for any function Z. The problem however is that we want to find solutions with the further condition that (3) is satisfied, i.e., with
the vanishing of one of the nine components (in the gradient basis) of the conformal metric.
The remaining eight components are obtained by using (20) in (18). This procedure of taking ∂ and ∂* derivatives, can be continued, either using (18) or applied directly to the definitions of both g 0+ =0 and g 0-=0.
Wethus have
Hence, using (9), (20) and (21),
In a like manner, from ∂*g 0-=0,wehave
We have determined two further metric components. Continuing with the opposite pairs of derivatives leads to ∂*g 0+ = g 01 +g -+ =0 and ∂ g 0 -= g 01 +g -+ =0.
Two different components of (18) both yield the same relationship
We thus have discovered that some of the components of (18) At this point we already know {g 00 ,g +0 ,g -0 ,g +-,g ++ ,g --} explicitly up to multiplication by g 01 .I fg ++ and g --are put into (18), we obtain four equations, two are expressions for g +1 and g -1 , again with g 01 as a factor,-plus two other relations (that become the metricity conditions). Finally if the same is done with either g +1 or g -1 ,t h e n g 11 is found up to a multiple of g 01 . We thus have constructed the entire conformal metric expressed as derivatives of Z, with g 01 ≡ ≡ ≡ ≡Ω 2 a st h ec onformal factor and in the process used 
That they are identities follows from the integrability conditions
appliedto(g 00 ,g 0+ ,g 0-,g -+ ). We have then accounted for twelve of the twenty equations. It turns out, on careful analysis of the remaining eight, that there are:
1. two conditions on derivatives of Z, (the metricity conditions);
where the explicit g ij dependence on the λ (= ∂ 2 Z) and λ*(= ∂ * 2 Z) is used.
2. two conditions on the parameter dependence of g 01 or Ω, that follow from the ∂ g 01 and ∂*g 01 equations;
∂ Ω = ªW(λ, λ*)Ω and ∂*Ω = ªW*(λ, λ*)Ω (26a) with
(Note that (26a) allows the multiplicative freedom of a function of x a .)
3. four further identities, when (25) and (26) are used;
To better understand why the above conditions are really identities it is useful to construct the following "diamond" diagram with the different levels. Each level number corresponds to the number of derivatives taken on the first metric component, g 00 :
Level; components "diamond" #0; g 00 :
∂* 2 g 00 =0, ∂∂ *g 00 =0, ∂ 2 g 00 =0
∂∂ * 2 g 00 =0, ∂ *∂ 2 g 00 =0, \X(∂ 3 g 00 =0)
∂ ∂* ∂ ∂* ∂ ∂* #4; g 11 :
• ∂∂* 3 g 00 =0, ∂ 2 ∂ * 2 g 00 =0,
• ∂ *∂ 3 g 00 =0,
• ∂ 2 ∂* 3 g 00 =0,
• ∂* 2 ∂ 3 g 00 =0, ∂ ∂*
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• ∂ 3 *∂ 3 g 00 =0, Level 2. Two out of the four possible equations obtained from level one are the same due to the integrability conditions on ∂*∂g 00 = 0. The three independent equations yield the metric components, g ++ ,g +-and g -+ .
Level 3. Again, among the six resulting equations, the integrability conditions on g 0+ and g 0-yield two redundant equations. The independent equations determine the two metric components g +1 and g -1 and the two metricity equations (boxed).
Level 4.
Applying ∂ and ∂* to the metricity conditions does not give anything new. On the other hand, using the integrability conditions on g ++ ,g --and g +-one shows that the one nontrivial remaining equation determines g 11 .
Level 5. Applying ∂ and ∂* to g 11 yields identities via the integrability conditions on g -1 and g +1 .
Level 6. This is trivial since it just involves ∂ and ∂* applied to identities.
The full form for the (conformal) metric as well as the conditions (25) and (26) are given below.
Since both W and T are explicit functions of λ and λ*, which are simply the second parameter derivatives of Z, Eq. (29) and its conjugate are differential equations for Z in the six variables (x a , z, z*). When a Z(x a , z, z*) is known then its use in (28) together with a solution of (26a) yields a unique metric g ab (x).
Sincew eh a v et h em e t r i cg ab =g ab (Z,Ω), from (12) and (28), it is possible, via a straightforward calculation to obtain the Christoffel symbols and the curvature tensor in terms of the Z (or λ, λ*) and Ω. There is however a much more elegant and simple way to do it by using the optical equations of the spin-coefficient formalism which will be exploited in a forthcoming paper.
Conclusion
We have demonstrated that in a four-manifold M, a Lorentzian metric, (28), is equivalent to a family of foliations of M (depending on the two parameters z and z*--described by u = Z(z, z*, x a )) that satisfies (29) and a conformal factor Ω(z, z*, x a ) that satisfies (26). In other words to one could replace the metric g ab (x) by Z(z, z*, x a )andΩ(z, z*, x a ) as basic geometric variables for a Lorentzian space-time. An immediate question arises: Can one reformulate the Einstein equations of General Relativity in terms of these new variables in any simple or natural fashion? The answer, which is yes, will be described elsewhere.
There is another version of the work presented here that has a series of associated subtle problems. The issue is to be able to reformulated all our equations in a slightly different fashion --where, instead of the local coordinates x a we would use the four scalar fields as coordinates,
thus having a family of coordinate system parametrized by z and z* ; i.e., a family of coordinate system intrinsically tied to the family of foliations. There would be some sort of boot-strap process, whereby the coordinate systems would be defined by the null surfaces, u =Z (z, z*, x a ) but where the equations that the null surfaces satisfied were given in terms of the surfaces themselves. The equations would have to be given in a form that did not depend on x a . It is perhaps surprising, but this program can be carried out completely and explicitly.
The main difference between this second point of view and that developed here, is that in the present view Z is the basic variable while in the second point of view, Z is an auxiliary variable while the λ and λ* are the basic variables. This has the effect of simplifying the equations by lowering the order of differentiation but requires that we add integrability conditions on the λ and λ* (see (5) ) so that a Z does exist, i.e., we must include in our system Eq.(16b). This work is reported on elsewhere.
